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Abstract

Let G = (V, E) be a non empty, finite, simple graph. k -y, enresdowed graph is one in
which every restrained dominating set of cardinality k contains a minimum restrained dominating
set. In this paper, we discovered a few outcomes for the k -y, enresdowed graph related to
private neighborhood.
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1. Introduction

Let G = (V, E) be a non empty, finite, simple graph. A subset D of V(G) is called a
dominating set of G if for every v € V — D, there exists u € D such that u and v are adjacent [3].
The minimum cardinality of the dominating set is called the domination number and it is
denoted by y(G). The Restrained dominating set of a graph is a dominating set in which every
vertex in V — D is adjacent to some other vertex in V — D. The minimum cardinality of the
restrained dominating set is called the restrained domination number and it is denoted by
Y-(G).The minimum restrained dominating set is called as y, set[7]. An element u of pn(x,X) for
x in X is called a private neighbor of x relative to X and is one either u is an isolate of G[X] in
which case u = x or u € V — x and is adjacent to precisely one vertex of X. The open
neighborhood N(v) of a vertex v in a graph G is the set of all vertices adjacent to v in G. The
closed neighborhood N[v] of v is the set N(v) U{v}.

A restrained dominating set of a graph G containing a y,. set of G is called a y, — enresdowed
restrained dominating set of G. If that set is of cardinality k then it is called a k - y, enresdowed

restrained dominating set[8]. A subset S of the vertex set in a graph G is said to be independent
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if no two vertices in S are adjacent[5]. The maximum number of vertices in an independent set of
a graph G is called the independence number of G and it is denoted by B(G).

Definition 1.1
Let k be a positive integer . A simple graph G = (V, E) is called a k - y, enresdowed
graph if every restrained dominating set of G of cardinality k contains a y, set of G [8].

2. Main Results

Remark 2.1
1. Any graph of order p is p - y, enresdowed and vy, - y, enresdowed.
2. IfGisk- vy, enresdowed then, k= v.(G) .
3. If y.(G) <T.(G),then GisT, — vy, enresdowed .
4. Let P, be a path on p vertices , then P, is k - y, enresdowed where
_ { n+ 2 ifp=3n
n+1 Otherwise
Remark 2.2

Let G be a k -y, enresdowed graph , and f, is the maximum number of vertices in an
independent set. B, and k are not related.

Illustration 2.3

Three different situations (i) k = By (ii) k > By (iii)) k < Bg are given in the following
examples.

(i) In Py, vy,.-set is the set of pendant vertices such that y.(P;) = Bo (Py).

P4 : -
Vi Va V3 v,

Let D ={v;,v4}, clearlyDisa vy,-set and 3, - set.
S Yr= Bo=2.Herek=2.
Therefore k = 3, for P;.

(i) In Py, vy.(Ps) is the set of two pendant vertices and two leaf vertices so that
v:-(Ps) = 4 and where as in the case of {3, the alternate vertices has been choosed .Thus
Bo(Ps) =3, also k = 4. Therefore k > 3, for Py .

@iii) In Py, D ={vy, v4, vy, vip}isay, set where k=4, and D; ={vq, v3, V5, V7, Vo} isa By
set. Hence [, =5. Therefore k < B, for Py.
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3.Theorems on k - y,. enresdowedness of graphs with its private neighbors

Theorem 3.1

Let G have no isolates , suppose G has a unique minimum restrained dominating set and s

pendant vertices then G is not k - y,. enresdowed for any k ,

Proof

p-s <k<p-1

Let D be the unique y, set of G. Then there exist the following cases
Case (1)

If p - s < Y. , then it is not (p - s) - vy, enresdowed.
If p—s >vy,,then SuU K will form a restrained dominating set which will not contain
the unique dominating set D.
Let S = { pendants of G}.

If suppose |S|=1,thenp—-s= p-1. Then,itisnot (p-5s) -y, enresdowed.

If |S|=s,s =>2.
LetK = {v| d(v) # 1 and v is not adjacent to pendants}.
Choose KS K’ such that
IK|=p-2s.HereSNK= ¢.
Then |S U K|=|S] + |K| - |S n K|
=S+ p-2s
ISUK| =p-s.

is the restrained dominating set. But it will not contain the point adjacent to the pendant
vertex, which lies in the y, set. Thus in this case, G is not (p — s) -y, enresdowed. i.e
G isnotk -y, enresdowed fork< p-s.
Case (2)

If Yr< P-— 1,
Let S = {pendant vertices of G}.
LetK = {v| d(v) # 1 and v is not adjacent to pendants}.
If |S|=1and |y,| =k, then Gisnotk -y, enresdowed for any Kk,

Vet S ksp-2,withj=1,23,...... ,p—(I+3).

Definition 3.2

Consider a path of k vertices namely, uy, u,,...... ,Uj...... ,u to the vertex u; ,
1< i<k, attach a fan f;s ,s; =4 . The graph obtained is called n - fan graph and it is
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denoted by D, s, . 5. 1he Vertices uy, uy,...... ,Uj...... ,u are called nodes of the
n - fan graph.

Remark 3.3
The n - fan graph has a unique vy, set.
Definition 3.4
Let S be a set of vertices . Letu € S, a vertex v € V(G) is said to be a private neighbor of
u with respect to S if N[v] n' S = {u}. Furthermore, the private neighbor set of u with respect to S
is denoted by pn(u,S) = {v : N[v] n S = {u}}[7].

Notation 3.5

Let G be an - fan graph and D = {uy, u,,...... s Ui yeeenn. ,uy } be a unique vy, set of G. Let
n =min;; <, {Ipn(y; ,D)|}, where pn(u; , D) is the private neighbour set of u; with respect to
D.

Theorem 3.6

Let G be a n - fan graph with nodes uy, u,,...... ) PR ,uy , then every node has atleast
four private neighbors in V —D.
Proof

Let D be the set of nodes. Therefore D = {uy, u,,...... s Ui e ,ug }. D is a unique vy, set

of G, for every u; € D and for any v; € pn(u;,D) is adjacent with v;,; € pn(u;, D).

Suppose u; has no private neighbor in V — D with respect to D. Since u; is not an isolate

or pendant of G, there exists a vertex v; € N (u;) N (V — D) which is adjacent
to any vertex of the set {u;, u,,...... s Ui—q, Ujgq oveen ,Ug_1}. Then there exist a set
Di= {uy, uy,...... s Uimg, Vj,Ujgqennns ,ug}. u; is dominated by v;and any neighbor of u; is

dominated by D; - v;. Therefore D, is ay, set of G, a contradiction . Therefore every u; € D
has a private neighbor in V — D. with respect to D.

Suppose if u; has exactly one private neighbor v; in V — D with respect to D. Then v;
must be either a pendant or it is adjacent to some vertex v;,;inV — D, where v, is adjacent to
any u; € D, 1< j<k-1.Then the graph G is not unique .

Suppose if u; has exactly two private neighbors v;and v, inV — D with respect to D.
Then the vertices u;, vjand v, form acycle C;. Then the graph G is not unique.

Suppose u; has exactly three private neighbors in V — D with respect to D. Let

{vij-1.vj, vj41 } be the set of three adjacent private neighbors of u;, then there exist a set
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D,={uy, uy,...... s Uig, Vi, Ujgqeeenn ,ui}. Choose v; such that d(v;) = A, then v; is adjacent with
u; € D and also with v;_; and vj;; in V — D. v; dominates u; and its neighbors v;_; and v,
and vj_y , u;, vj4q are adjacent in V — D. Therefore D, is ay, set of G , a contradiction .

Therefore every u; € D has at least four private neighbors in V — D with respect to D.

Theorem 3.7

Let G be a n - fan graph with nodes u;, uy, ...... , Ui, ... , U .
Let 7 =min;<;<x {|pn(y;,D)|}, then there exist an s, 1< s <k such that pn(us,D) =7 .
Then (D —{us}) U (pn(ug, D) - {ug}), ug € pn(us,D) is a restrained dominating set of G of
cardinality k +n - 2.

Proof
Let D ={uy, uy,...... ,Ug ,...,Ux } be aunique y, set of G.
Let n = min;<; < {|Ipn(u;,D)|}, then there existan s, 1< s < k such that pn(us ,D) =7 .
Let pn(ug, D) setis {ugq, Ugy, Ugs, ...., Ug } t =4, Consider the set ,
(D—{u}) ={uy, uy,...... Ug_1,Ugyq,...., -...,U t @nd its cardinality is k — 1, where (D — { us})

set dominates all its private neighbor and the induced subgraph of the private neighbour is either
a path or union of k,. Consider the set (pn(us , D) — {ug}), 1< j < t. Then consider the set

(D —{us}) U (pn(us , D) —{ug}) that is ,

D; ={uy, uy,...... Us—1 5 Uggqseeeey ooe oWy Ugyy Ug2y Ug3sernny Ugj—q 5 Ugjgq -onv 5 Uge } IS @ NEW
restrained dominating set. Therefore, the cardinality of the set D, is the sum of the cardinality of
the (D — { us}) set and the cardinality of (pn(u , D) — {uy}).

Hence |D;| =k +t—2 =Kk + n — 2. Moreover, k + n — 2 is always greater than or equal to k + 2,
sincen > 4.

Proposition 3.8
Let G be a n - fan graph with nodes uy, u,,...... s Uj e Uy, then y.({(pn(y; ,D)) = 2.
Proof

Let G be a n - fan graph with nodes. Let D be the set of nodes. Therefore,
D ={uy, uy,...... | PR ,ui }. D is a unique v, set of G. Since for any u; € D, the (pn(u; , D))
is either a path of length greater than or equal to 4 or union of k,, then the y, set is always
greater than or equal to 4.

Proposition 3.9
Let G be a n - fan graph with unique y, set, D = {u;}{Z; , m>2 and (pn(u;,D)) be a
path with s; vertices , where s; #s;, for i #j, 1<1i, j<m,s;s; >4 and atleast ones; = 4 .
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Then G is y, - vy, enresdowed but not m - vy, enresdowed for any m,
itlsm< ¥iLysi-(ye + 1).

i#m
Proof

Let G be a graph with unique minimum restrained dominating set,
D = {u, uy,...... N P ,un} m > 2. Let (pn(u;,D)) is a path with s; vertices ,
where S # S Jfori#j, 1< i,jSk,si,sj =>4,

For the vertex uy ,let (pn(u;,D)) be a path with the vertex {v;, v,,...... Vs s
s = 4 . In general for the vertex u;, let (pn(u;,D)) be a path with the vertex
{Vs, 1410 Vo, j42000enn- Vs },Si =4 . The vertex set of G is {uy, uy,...... s U, eenn.. JUp , V4,
Voyennn. Vsprenes Vs, 141 Vs, 14201V peeenns Vs 141 Vs, q42reeeees Vs, }, Where each s; vertices
are dominated by u;, 1<i<m. Since D = {uy, uy,...... s Uj e ,Up, } is the y, set of G .Clearly
Gisy, -y, enresdowed.

Without loss of generality,let s; = 4 . Consider a set D;in such a manner where
Di={uy, uz,..., Ui—q , Uigq....Um, Vs, 41, Vs, JOF cardinality m; ,where my =y, +land vy, 11, vy
belong to a set of vertices of (pn(u;,D)). If suppose (pn(u;,D)) is a P, then D,is a restrained
dominating set without D of cardinality y, +1. Therefore G is not m; - y, enresdowed
forany m; , m; =y, +1.

Consider a sets of cardinality m , where m > y,+1, the path (pn(u;,D)) 1<i<m-1lisof
three types namely , Ps;, (i = 2), P3;41, and P35, (i=1) . Consider the path P5;, (i = 2). Let the
vertex set of Ps;, (i = 2) be P; = {vg,_1+1, vg_1+2 ,...., Vs },5; = 4. For the path of type P;
consider a set D3; = {uy, Uy,...., Ugi_1, Ugi41,..0r Um—1 JU { Vs 142, Vg, 1 +3 ..., Vg, 1 }.D3; IS
of cardinality (s3; - 2 + m — 2). Consider the path P;;,4, (i = 1). For the path of type P;;,4
consider a set D31 = {uy, Up,...., Ugj, Uzjgzsee s U1 U { Ve 142, Ve, 0 173 5o, Ve 21}
D31 is Of cardinality (s3ij+1 - 2 + m — 2).Similarly consider the path Ps;,,, (i = 1). For the path
of type Psi;, consider a set  D3iyp = {uy, Uz,...0, Ugig1, U3i435ee0s U1 U { Vg, 112,
13 ..., Vs ,—1 }- D3igp is Of cardinality (s3izp - 2 + m — 2).Let Dy, = {uy,
Up,...... JUm_1 YU {vs _1+2,vg 4113 ,...., Vs _1}.Dy, is of cardinality (s, - 2 +m—1).

Let D, = (U i>1 D3i) UDp , D= (U i>1 D3i+1) UDy, D3= (U i>1 D31+2> UDy, .

3i #m 3i+1 #m 3i4+2 #m
Take D4 = <U i>1 D3i> U (U i>1 D3i+1> U (U i>1 D3i+2> U Dk . D4 iS a
3i #m 3i+1 #m 3i4+2 #m

restrained dominating set of cardinality YiL;s; - (y. + 1), which does not contain the u,,.
i#m

Hence D, is a restrained dominating set not containing D. Hence G is not m -y, enresdowed for

thevaluesofm, y,+1<m< YiL;s;-(y, + 1).

i#Fm
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4. Conclusion
In this paper, we discovered a few outcomes for the k - y, enresdowed graph related to
private neighborhood.
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