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Abstract –   Let G (V, E) be a finite, non-trivial, simple and undirected graph of order n and             

size m. For an one to one assignment f: V(G)→{1,2,…., n}, A Quotient labeling f* : 𝐸 𝐺 → {1, 

2, ..... , n}  defined by 𝑓∗(uv)= 








)(

)(

vf

uf
 where f(u) > f(v),  then the edge labels need not be 

distinct. The q-labeling number ql(f*) is the maximum value of f*(E(G)), and the Quotient 

Labeling Number QL(G) is the minimum amongql(f*). The bounds for the Quotient labeling 

number for corona ofsome ladder graphs likeclosed ladder,open ladder, slanting ladder, open 

triangular ladder, closed triangular ladder and diagonal ladder are found in this paper. 

Key words:  Quotient labeling number; open ladder graph; closed ladder; corona; slanting 

ladder; triangular ladder; diagonal ladder. 

Introduction: The graph labeling problemswasinitially introduced by Alex Rosa in the year 

1967. Various types of graph labeling problems have been defined around this and is not only 

due to its mathematical importance but also because of having the wide range of applications. 

Every year a survey comes with the updating of various graph labeling problems by J. A. Gallian 

[1]. Quotient labeling of graphs was first introduced by P. Sumathi and A. Rathi[2]. They found 

the quotient labeling number of various graphs and are found in [3-5]. In this paper we found the 

quotientlabeling number of corona of family of ladder graphs. For Graph notations and 

terminology we follow [6]. 

Preliminaries:The graphs that we considered in this paper are finite, simple, non-trivial and 

undirected graphs. We use the following definition that are relevant to this paper. 

Definition: The graph G ʘ mK1 is the graph obtained from the graph G by addingm number of 

pendent vertices to every vertex of G. When m =1, G ʘ mK1 is known as the corona of G.      

Definition: A Closed Ladder graph Ln, n≥2 is obtained from two copies of the paths of length n-

1withvertex set V(G) = {ui, vi :1≤ i ≤ n } and  edge set E(G) = {𝑢𝑖𝑢𝑖+1,𝑣𝑖𝑣𝑖+1 : 1 ≤ 𝑖 ≤ 𝑛 − 1}  ∪
{𝑢𝑖𝑣𝑖 ∶ 1 ≤ 𝑖 ≤ n}.Definition:An Open ladder graph O(Ln), n≥2 is a ladder graph with 2n 

vertices and  is got from two paths of length n-1with V(G) = {ui, vi :1≤ i ≤ n } and E(G) = 

{𝑢𝑖𝑢𝑖+1,𝑣𝑖𝑣𝑖+1 : 1 ≤ 𝑖 ≤ 𝑛 − 1}  ∪ {𝑢𝑖𝑣𝑖 ∶ 2 ≤ 𝑖 ≤n-1}. 
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Definition:A Slanting ladder graph SLn, n≥2 is a ladder graph with 2n verticesand is obtained 

from two paths of length n-1with V(G) = {ui, vi :1≤ i ≤ n } and E(G) = {𝑢𝑖𝑢𝑖+1,𝑣𝑖𝑣𝑖+1 : 1 ≤ 𝑖 ≤
𝑛 − 1} ∪ {𝑢𝑖𝑣𝑖+1 ∶ 1 ≤ 𝑖 ≤n-1 }. 

Definition: AClosed Triangular ladder TLn, n≥2 is a ladder graphwith 2n vertices and is got 

from aClosed Ladder graph Lnwith the additional edges uivi+1 for 1≤i ≤n-1.  

Definition: An open Triangular ladder O(TLn), n≥2 is a ladder graph with 2n vertices and is got 

from an open ladder O(Ln)with the additional edges uivi+1 for 1≤ i ≤ n-1. 

Definition:Diagonal ladder graph DLn, n ≥2is a ladder graph with 2n vertices and is got from a 

ladder graph Ln with the additional edges uivi+1 and ui+1vi for 1≤ i ≤ n-1. 

 

Theorem: 1The quotient labeling number of (𝑳𝒏ʘ 𝐊𝟏)is 2.Proof: LetG =(𝑳𝒏ʘ 1K )be the 

given graph with 4n vertices.  The graph G is got by attaching one new vertex to every vertex 

of  𝑳𝒏.                                                                                                                                                                                                                                                

Let v1, v2 ….,vn be the vertices on one side of 𝑳𝒏 and u1, u2, …., un be the vertices on the                                   

other side of𝑳𝒏.                                                                                                                                           

Let x1, x2, …, xn be the n new vertices attached with the corresponding n vertices v1, v2, …., vn and  

y1, y2, …, yn be the n new vertices attached with the corresponding n vertices  u1, u2, …., un 

respectively.                                                                                                                                                     

Now the graph has 4n vertices with deg v1 =deg vn =degu1=deg un= 3, deg vi=deg ui = 4 for  2≤ i 

≤ n-1 and deg xi = deg yi  =1  for 1≤ i ≤ n,                           Let the function f : V(G) 

→{1,2,….,4n} be defined byf(x1)=1                                                                                                                                           

f(xi)= 4i-3 for 2≤ i ≤ n                                                                                                                       

f(vi)=  i +1 for i =1,2.                                                                                                                       

f(vi)= 4(i -1)-2   for  3≤ i ≤ nf(u1)= 4, f(un)= 4n-2                                                                                                                                           

f(ui)= 4i-1   for  2≤ i ≤ n-1                                                                                                                                       

f(yi)= 4(i+1)   for  1≤ i ≤ n-2                                                                                                                                       

f(yn-1)= 4n-1, f(yn)= 4n.                                                                                                                                           

For the above vertex labeling we get f*(E(G)) ={ 1, 2}                                                                           

Therefore the maximum value of f*(E(G)) is equal to 2.                                                                                  

Then ql(f*) =2. But in G, δ(G) =1 and Δ(G) =4.                           Therefore ql(f*) can take the 

value  2 or 3 or 4 or 5.                                                                                     Here ql(f*) =2 and is 

minimum. Hence QL(G)= 2. 

Theorem: 2 The quotient labeling number of the corona of an open ladder graphOLnʘK1is 

2.Proof:  Let G = OLnʘ K1 be the corona of an open ladder graph.                                                                                                            

Let v1, v2 ….vn be the vertices on one side of the ladder and u1, u2, …., un be the vertices on the other 

side of OLn.The graph G is got by attaching one new vertex to every vertex of the open ladder 

graph OLn.Let x1, x2, …, xn be the n new vertices attached with the corresponding n vertices v1, 

v2, …., vnand let y1, y2, …, yn be the n new vertices attached with the corresponding n vertices u1, 

u2, …., un respectively.                                                                                                                                                    
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Now the graph G has 4n vertices with deg xi = deg yi  =1 for 1≤ i ≤ n,                                                  

deg u1 =deg un =deg v1 =deg vn =2 and deg ui = deg vi = 4 for 2≤ i ≤ n-1                                                      

Let the function f: V (G) → {1, 2, …., 4n} be defined by                                                                                                  

f(x1) =1, f(x2) =4, f(xi) =5(i -2)+2 for i = 3≤ i ≤ 5                                                                                                                                

f(xi) =4i-3 for  6≤ i ≤ n                                                                                                                                     

f(vi) =i+1 for i = 1,2.                                                                                                                                      

f(v3) =5, f(vi) =5(i -3)+3 for i = 3≤ i ≤ 5.                                                                                                                                      

f(vi) =4(i -2)+2 for 7≤ i ≤ n .                                                                                                                               

f(u1) =10, f(u2) =6, f(ui) =5(i -1)-1 for  3≤ i ≤ 5. f(ui) =4i-1 for 6≤ i ≤ n-1, f(un) = 4n-2.                                                                                            

f(y1) =16, f(y2) =11,f(y3) =15,f(yi) =4(i +1) for4≤ i ≤ n-2,f(yn-1)=4n-1, f(yn)=4n.   For the above 

vertex labeling we get f*(E(G)) ={ 1, 2}                                                                           Therefore 

the maximum value of f*(E(G)) is equal to 2.                                                                                  

Then ql(f*) =2. But in G, δ(G) =1 and Δ(G) =4.                           Therefore ql(f*) can take the 

value 2 or 3 or 4 or 5.                                                                                     Here ql(f*) =2 and is 

minimum. Hence QL(G)=2.                                                                                                                                                                                       

Theorem: 3 The quotient labeling number of corona of a slanting ladder graph SLnʘ K1 is 

2.                                                                                                                                                                  

Proof: let G=SLnʘ K1 be the given graph.                                                                                                         

Let v1, v2 ….vn be the vertices on one side of the ladder and u1, u2, …., un be the vertices on the other 

side of the  slanting ladder and each vi is adjacent with ui+1 for 1≤ i ≤ n-1..The graph G is got by 

attaching one new vertex to every vertex of the slanting ladder graph SLn.                                                                                                                                     

Let x1, x2, …, xn be the n new vertices attached with the corresponding n vertices v1, v2, …., vn and 

let y1, y2, …, yn be the n new vertices attached with the corresponding n vertices  u1, u2, …., un 

respectively.                                                                                                                                                                                                                                                                                   

Now the graph G has 4n vertices with deg xi = deg yi  =1 for 1≤ i ≤ n ,                                                  

deg vn =deg u1 =2 , deg v1 =deg un =3 and deg ui = deg vi = 4 for 2≤ i ≤ n-1                                                      

Let the function f: V (G) → {1, 2, …., 4n} bedefined by                                                                                              

f(x1) =1, f(x2) = 8,                                                                                                                                                       

f(xi) =4i+1 for 3≤ i ≤n-1                                                                                                                                                      

f(xn) =4n                                                                                                                                                                                                               

f(vi)=2i for i =1,2.   

f(v3)= 9  f(vi)=4i-2 for 4≤ i ≤ n 

f(u1) =5f(u2) =3f(u3) =7 

f(ui)=4(i -1) for 4≤ i ≤ n. 

f(y1)=10, f(y2)=6  

f(yi)=4i-1 for 3≤ i ≤ n 

For the above vertex labeling f*(E(G)) = {1, 2}.                                                                            

Therefore the maximum value of f*(E(G)) is equal to 2.                                                                                                                                                                                      

Then ql(f*) =2. But in G, δ(G) =1 and Δ(G) =4.                           Therefore ql(f*) can take the 

values 2 or 3 or 4 or 5.                                                                                     Here ql(f*) =2 and is 

minimum. Hence QL(G)=2.   
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Theorem: 4 The quotient labeling number of the corona of any closed triangular 

ladder 𝑻𝑳𝒏ʘ 𝐊𝟏, n≥2 is 2.                                                                                                                                              

Proof: let G =TLnʘ K1 be the corona of a closed triangular ladder graph.                                                                                                         

Let v1, v2 ….vn be the vertices on one side of the closed triangular ladder TLn and u1, u2, …., un be 

the vertices on the other side of TLn.The graph G is got by attaching one new vertex to every 

vertex of the ladder graph TLn.                                                                                                                                     

Let x1, x2, …, xn be the n new vertices attached with the corresponding n vertices v1, v2, …., vn and 

let y1, y2, …, yn be the n new vertices attached with the corresponding n vertices  u1, u2, …., un 

respectively.                                                                                                                                                                                                                                                                                   

Now the graph G has 4n vertices with deg xi = deg yi  =1 for 1≤ i ≤ n,                                                  

deg v1 =deg un =4, deg u1 =deg vn =3 and deg ui = deg vi = 5 for 2≤ i ≤ n-1. Let the function f: V 

(G) → {1, 2, …., 4n}be definedby                                                                                                   

f(x1) = 1, f(xi) =4i-1 for 2≤ i ≤n.f(v1)=2, f(vi)=4(i-1) for2≤ i ≤ n.                                                                                                                                

f(u1) =3, f(ui)=4i-3 for2≤ i ≤n                                                                                                                           

f(yi)=4i+2 for 2≤ i ≤ n-1 and f(yn)=4n.For the above vertex labeling we get f*(E(G)) = {1, 2}.                                                                            

Therefore the maximum value of f*(E(G)) is equal to 2.                                                                                                                                                                                      

Then ql(f*) =2. But in G, δ(G) =1 and Δ(G) =5.                           Therefore ql(f*) can take the 

values 2 or 3 or 4 or 5 or 6.                                                                                     Here ql(f*) =2 

and is minimum. Hence QL(G)=2.  

Theorem: 5 The quotient labeling number of the corona of any open triangular 

ladder 𝑶𝑻𝑳𝒏ʘ 𝐊𝟏, n≥2 is 2.                                          Proof: let G=OTLnʘ K1 be the given 

graph.                                                                                                         Let v1, v2 ….vn be the 

vertices on one side of the open triangular ladder OTLn and u1, u2, …., un be the vertices on the 

other side of OTLn.The graph G is got by attaching one new vertex to every vertex of the ladder 

graph OTLn.                                                                                                                                     

Let x1, x2, …, xn be the n new vertices attached with the corresponding n vertices  v1, v2, …., vn and 

let y1, y2, …, yn be the n new vertices attached with the corresponding n vertices  u1, u2, …., un 

respectively.                                                                                                                                                                                                                                                                                   

Now the graph G has 4n vertices with deg xi = deg yi  =1 for 1≤ i ≤ n ,                                                  

deg v1 =deg un =3 , deg u1 =deg vn =2 and deg ui = deg vi = 5 for 2≤ i ≤ n-1                                                                                

Let the functionf: V (G) → {1, 2, …., 4n}be definedby f(x1) =1, f(x2) = 5(i -1) for i = 2, 3.                                                                                                                                                       

f(xi) =4i-1 for 4≤i ≤n                                                                                                                                                                                                                                                                                                                                                                   

f(vi)=i+1 for i =1,2.                                                                                                                                          

f(vi)=5(i -2)+1 fori = 3,4.                                                                                                                                

f(vi)=4(i -1) for5≤ i ≤ n                                                                                                                                        

f(u1) =8,f(u2) =4,f(u3) =7 f(ui)=5(i -2)+2 fori = 3,4.                                                                                                                           

f(ui)=4(i -1)+1 for 6≤ i≤ n.                                                                                                                                       

f(y1)=14, f(y2)=9, f(y3)=13,                                                                                                                                  
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f(yi)=4i+2 for 4≤ i ≤ n-1 and f(yn)=4n.For the above vertex labeling f*(E(G)) = {1, 2}.                                                                            

Therefore the maximum value of f*(E(G)) is equal to 2.                                                                                                                                                                                      

Then ql(f*) =2. But in G, δ(G) =1 and Δ(G) =5.                           Therefore ql(f*) can take the 

values 2 or 3 or 4 or 5 or 6.                                                                                     Here ql(f*) =2 

and is minimum. Hence QL(G)= 2.  

Theorem: 6 The quotient labeling number of corona of a diagonal ladder graph DLnʘ K1 is 

2.Proof: Let G = DLnʘ K1be the corona of a diagonal ladder graph.                                                              

Let v1, v2 ….vn be the vertices on one side of the open triangular ladder DLn and u1, u2, …., un be the 

vertices on the other side of DLn.The graph G is got by attaching one new vertex to every vertex 

of the ladder graph DLn.                                                                                                                                     

Let x1, x2, …, xn be the n new vertices attached with the corresponding n vertices  v1, v2, …., vn and 

let y1, y2, …, yn be the n new vertices attached with the corresponding n vertices  u1, u2, …., un 

respectively.                                                                                                                                                                                                                                                                                   

Now the graph G has 4n vertices with deg xi = deg yi  =1 for 1≤ i ≤ n ,                                                  

deg v1 =deg un = deg u1 =deg vn =4 and deg ui = deg vi = 6 for 2 ≤  i ≤ n -1.Let the function f: V 

(G) → {1, 2, …., 4n} be defined byf(x1) =1, f(x2) = 6, f(xi) =4i -1 for 3≤i ≤n                                                                                                                                                                                                                                                                                                                                                                   

f(vi)=i +1 for i =1,2.                                                                                                                                          

f(v3) = 7, f(vi)=4(i -1) for4≤ i ≤ n                                                                                                                                        

f(u1) = 5,f(u2) =4,f(u3) =8f(ui)=4i -3 for 4≤ i ≤ n.                                                                                                                                       

f(y1)=10, f(y2)=9,                                                                                                                                   

f(yi)=4i+2 for 3≤ i ≤ n-1 and f(yn)=4n.For the above vertex labeling f*(E(G)) = {1, 2}.                                                                            

Therefore the maximum value of f*(E(G)) is equal to 2.                                                                                                                                                                                      

Then ql(f*) =2. But in G, δ(G) =1 and Δ(G) =6.                           Therefore ql(f*) can take the 

values 2 or 3 or 4 or 5 or 6 or 7.                                                                                     Here ql(f*) 

=2 and is minimum. Hence QL(G)=2.  

Conclusion: Quotient labeling number has been calculated for some family of graphs and the 

future work is to find quotient labeling number for other new classes of graphs. 
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